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LOUIS I. ALPERT AND L. V. TORALBALLA besgue area, we refer to the well known texts of T. Rado [4] and L. Cesari [2] . l
The n-ary vector product* Consider the (n + .
We say that the vector is normal to this hyperplane.
AN ELEMENTARY DEFINITION OF SURFACE
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2* The n-hedra* Given a set of n + 1 points in i?* +1 , if the matrix of the coordinates of these n + 1 points is of rank n, this set determines an w-hedron, or n-sίniplex. This is the closed convex subset of S?* +1 which is bounded by the n + 1 (n -l)-hyperplanes determined by the given set of n + 1 points. An w-hedron determines the ^-hyperplane in which it lies.
Given two vectors U and V in g**
+1
, the angle a = (U, V) between U and V is determined from the equation U V = (Z7)(F)cos α. Given two %-hyperplanes in g Pw+1 by their dihedral angle we shall mean the acute angle between their normals. An w-hedron n of whose faces (n-1 hedras) are at right angles is called a right nhedron. Given an w-hedron T in ί? n+1 , we define the area of T to be the ^-dimensional volume of T in the standard manner. 2 , , x n ) hyperplane such that its closure E is capable of being decomposed as the union of %-hedra in the natural manner. We say that E is polyhedral. Let / be a real-valued function defined and continuous on E. The locus in 'zf n+1 of the points (x l9 x 2 , , x nf z), where z -f(x lf x 2 , •••, x n ), a function having E for domain, is called an n surface in ^* +1 , or more briefly a surface. We wish to give a definition of the area of this surface in the case where / is continuously partially differentiable on E. We refer to such a surface as a continuously partially differentiable surface.
Let Γ: 
, C n are the corresponding curves on S, and if we have chosen the curves Γ in such a way that the n vectors v 19 , v n are linearly independent, then the corresponding n tangent vectors V l9
, V n determine an w-hyperplane H in E n+1 .
One shows that for all such sets of curves in S, the corresponding w-hyperplane is unique. We refer to its normal line as the normal to S at Q.
If T is an w-hedron all of whose vertices are in S, we say that T is inscribed in S. By D(T), the deviation of S on T, we mean the supremum of the set of the acute angles between the normal to T and the normals to the portion of S which is subtended by T (i.e., the portion of S whose projection on the x l9 x 2 , •••,#» hyperplane is identical to that of T).
Let {P lf P 2 , , P m } be the vertices of a decomposition of E into a finite set of n-hedra. For each i, let Q { = /(P<). The set determines a polyhedron which is inscribed on S. This polyhedron is composed of a finite set of w-hedra which are inscribed on S. By the norm of such a polyhedron we mean the largest of the diameters of its faces. By the deviation norm of the polyhedron we mean the largest of the deviations on its faces. By the area of this polyhedron we mean the sum of the areas of the %-hedra which compose it. We refer to these w-hedra as the faces of the polyhedron. 5* The geometric basis* We make use of the following additional properties of if
, Uή are any n vector such that \sm(U if Ui)\ < δ, for each i, then
(b) Let P e E. Let U be any vector in the x l9 x 2y , x n plane. We define the directional derivative of / in the direction U in the standard manner.
Under the hypothesis that / is continuously partially differentiable on E, then the directional derivative of / is uniformly continuous on E, i.e., for each ε > 0 there exists 
(d) Let Pi and P 2 be any two distinct points in E, Q tand Q 2 = /(P 2 ) Let P X P 2 be the linear interval determined by P 1 and P 2 and Q X Q 2 be the linear interval determined by Q 1 and Q 2 . Let the curve C = f{PyP^. Then there exists a point R in C such that the tangent line to C at R is parallel to Q λ Q 2 .
(e) With the notation as in (d), let the deviation D(P ly P 2 ) denote the supremum of the acute angles φ between Q X Q 2 and any tangent line to C. Then for every ε > 0, there exists δ > 0 such that if 0 < p(P 19 P 2 ) < δ, then D(P l9 P 2 ) < ε.
(f) For each ε > 0 there exists δ > 0 such that if P t and P 2 are any two distinct points of E such that p(P λ , P 2 ) < δ, then ψ < ε, where ψ is the acute angle between the normals to S at /(Pi) and (g) If i? is polyhedral, it can be decomposed into a set of nhedra each of which is a right %-hedron. Moreover, for each real number r, there exists a decomposition of E into a set of right nh edra, the diameter of each of which is less than r. We now proceed to the main theory. We consider infinite sequences of polyhedra inscribed on S. A sequence (Π l9 Π 2 , •) of such polyhedra is said to be a proper sequence if the corresponding sequence (N lf N 2 , •••) of norms and the corresponding sequence (φ u φ 2 , •) of deviation norms both converge to zero.
We now give our definition of the area of the surface S = f(E), where / is continuously partially differentiable on E. If to every proper sequence (Π u /7 2 , •••) of polyhedra inscribed on S the corresponding sequence (A l9 A 2 , •••) of the polyhedral areas converges, then we say that S is quadrable and refer to the necessarily unique limit of (A u A 2 , •) as the area of the surface S. Proof. For every positive number r, there exists a decomposition of E into a finite set of right w-hedra whose diameters are all less than r. Their vertices determine a finite set of points in S whose projection is precisely the set of these vertices. This set of points in S determines a polyhedron Π which is inscribed on S. We show that by making the norm of the docomposition of E sufficiently small, we can make the deviation norm of 77 arbitrarily small.
Let ε > 0 be given. By property (g) there exists a decomposition of E into a set of right w-hedra the diameter of each of which is arbitrarily small. By property (c) there exist real numbers k, δ l9 k < 1, such that if PP t P 2 P n is a right w-hedron in E, (with P the right angled vertex) of diameter < δ lf then | cos (QQi, QQ ό ) \ < k for % Φ j, where Q. -f(p.) and Qj -f{P 3 ). Let the decomposition of E be by right w-hedra each of diameter less than δ t .
By property (a), there exists a positive number θ such that if sin (QQi, QQi') < θ for each i, then the acute angle between
is less than ε/3. By properties (d) and (e) there exists a positive number δ 2 such that if PP^z P n is a right %-hedron of diameter less than δ 2 , then, for each i, the acute angle between the chord QQi and the tangent line at Q to the curve in S subtended by QQi is less than θ. It follows that the acute angle between the normal to the polyhedral face QQ X Q 2 Q n and the surface normal at Q is less than e/3.
By property (f) there exists a positive number δ z such that if the diameter of the w-hedron PP X P Λ is less than δ 3 , then the angle between the surface normals at any two points of the portion of S which is subtended by the polyhedral face QQ 1 Q n is less than ε/3. Let δ be the least of δ u δ 2 , δ 3 . If D is any decomposition of E into right w-hedra each of diameter less than S, then if QQ t Q n is any of the polyhedral faces, the supremum of the angles between the normal to the w-hedron QQ^ Q n and the portion of S which is subtended by QQi Q n is less than ε. Thus, corresponding to a sequence (ε ly ε 2 , •••) converging to zero, there exists a sequence of polyhedra with corresponding sequence of norms converging to zero and also with corresponding sequence of deviation norms converging to zero. THEOREM 
